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Introduction: Quantum statistical mechanics

Quantum-mechanical Hamiltonian: H = Z?:l i+ V(X)
j=1 20

Gibbs operator: e=?1 (8=1/kgT) — Partition function: Z(8) = Tre=oH

Feynman-Kac formula: (x| e #H [x,) = fx (Bh)=x 'Dx(7) exp{ fﬁhd‘r [ZJ 15 I'J +V(x )}}
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High temperatures: Wigner-Kirkwood expansion
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Rescaled PI representation: x;, = X4, X — X, + A€, 7 — [hs:
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(A =diag(Ai, ..., Ap). \j = /BR2/M; ...

Expand the potential term:
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with the coefficients Q(my, ..., m,) given by
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where the multiplicative constant has the form: 1/K =T (n +1— % + M)

WK expansion of the off-diagonal matrix elements (x| el [x,) with a help of the world-
line Green functions of Onofri and Zuk.

One-dimensional system

Low temperatures: Local-time path integral

Local time quantifies the time that the sample paths in the Feynman PI spend in the
vicinity of an arbitrary point X (assume D = 1):

Bh
L(X)= /0 dr §(X — x(7)) (6)

Change of stochastic variables: (1) (Feynman PI) = L(z) (Local-time PI)

Start from the field-theoretic PI representation of the resolvent:
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Replica trick (n >0 ... radial field component)
= Local-time path-integral representation
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(X )=n, X
/ Dn(x)d (/ n(z)dx — 3) n(@a)n(xp) exp {—Aa[n(z)]}  (8)
(X )=n X

Action of a radial harmonic oscillator with frequency V(z):
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We identify L(z) = h%fill
where 7 follows o - n+
stochastic process: | | | J
X Xa X Xp—>
A= (DI2-1)2-1/4 A= A= (D)4

The obtained relationship between the local-time representation of PI and the radial PI
provides a practical illustration of the Ray-Knight theorem of the stochastic calculus.

Saddle-point approximation

(ks m n (=15 ()
b 5
@= V2w 2(mat.Amy, /2; ;:0}_11 O+ ALtk (my = O+ Amy—L+-k) ©)
A .
Rescaling n — v/Bn, 8 — oo = Minimize functional (n| H |n) for (n|n) =1
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Coefficients of the series ¢” 2mA (x| e |z) at terms 5'(R7): Rayleigh-Ritz variational principle for the ground state
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