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Variational principle

(z#, ¢) = ¢ ... partial observables
g € C...configuration space of dim. N + D

v ... D-dim. surfaces in C (cf. field configurations ¢”(x#))

Hamiltonian constraint:

H(q, P(q)) =0

P ... momentum multivector of grade D (mechanics: D = 1)

Geometric algebra [1,2]: ab=a-b+aAND
., /... Inner, outer product of multivectors
O, . .. vector derivative (cf. gradient V)

Action functional:

Aly, P) = / P(q) - dl'(q)

Extremals are classical motions 7y, |3]

C ~ RD—i—N

Vg € v

dX

Canonical equations of motion

Extended action Aly, P, \| = f7 P(q)-dl'(q) — Mq)H(q, P(q))] = extremize:

“Velocity ~ Momentum” A\ 8]3]—]((]’ P) = dI’,

(—1)PXO,H (¢, P) = ¢

\ ( AT . 5)q) P for D > 1, in momentum”
H(q, P) = 0.

Local Hamilton-Jacobi theory

Solve
H(q,0,\NS)=0
for D — 1-vector-valued S(q), then
ANOpH(q,0, N S) =dI

defines a distribution of tangent planes of classical motions.

Solution S(q; ) depending on a continuous parameter = 0,5 conserved.

Symmetries and conservation laws

C ~ RP+N
P’ = f~1(P)
/ ./
¢'F ar’ = f(dr)

Transformation f:C — C

Differential: i(a; q) =a-0,f(q) !

Adjoint: f(b;q) = 0,f(q) - b

Ay

q

~

(v, P) = (o', P’) preserves the action (since dI” = f(dI') and P’ := f~1(P))

= If 74 classical motion of H, then «/, classical motion of H": H'(¢', P') = H(q, P).

fis asymmetry if H' = H, ie., H(f(q), f~YP;q)) = H(q, P).
For infinitesimal f(q) = q + ev(q)

v 0,H (¢, P) — (9, N (0 P)) - 0pH(q, P) =0

Insertion of the canonical equations of motion yields
Conservation law:

dl'-0,(P-v)=0 for D=1
dl'-9,) - (P-v)=0 forD>1

Integral form:
P(g) - v(g2) = Plq1) - v(¢1) =0 for D =1

/ d>-(P-v)=0 forD>1
afYcl

P -v...~ Noether current

C = spacetime @ field space (¢ = = + y)

(dF - 0, P for D =1 “Force = Change

with the Noether current

Example: Scalar field theory

N

1 ... held space orthonormal basis

I, ... spacetime pseudoscalar, {e,

Hpw . .. De Donder-Weyl Hamiltonian: I, - OpHpw = 0, (ep A ey) - OpHpw = 0 (Va, b)
Motions and momenta as functions on the spacetime:

y={g=2+ylx)|zeQ} , Pla)=Plx+y)

Canonical equations = De Donder-Weyl equations
&Uy — [x_lapHDW , (ea[x(‘?x) . P == (—1)D€a . (3’yHDW

Scalar field Hamiltonian:

H(q. P)= P L5 " (L (P-e)) + V(o)

Conservation law = Continuity equation

Oy - j(x) =0

j(x) = —1, - {P-v+5’x/\(y'-(P-v))] ;o v(x) =

Example: String theory

C ... target space, v ... world-sheet

1 5 lon:
HStr(P) :§(IP|2_A2) ) where ’P‘Q =P P Ze_v.elej?ib,,_a

Elimination of P and A yields the Nambu-Goto action:
Agi, = ::/\/ |dI’
Y

and the equation of motion:
(Iy-0,)-1,=0 , where I,=dl'/|dl|
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