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Find geometric meaning of /, the unit imaginary of quantum theory.

Make use of a rich geometric structure of real Clifford algebra
(aka. geometric algebra).

Following:
D. Hestenes, Spacetime Physics with Geometric Algebra, Am. J. Phys. 71 6, (2003)
C. Doran and A. Lasenby, Geometric Algebra for Physicists, CUP (2007)
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@ Real Clifford algebras:
rotations and real spinors in 2D, 3D and 3+ 1D

@ Dirac equation:
matrix form vs. real form, gauge fields

V. Z., Real spinors and real Dirac equation, arXiv:1908.04590 (2019)

V. Zatloukal (FNSPE CTU Prague) Real spinors and real Dirac equation 3/14



Real Clifford algebra

Real vector space V = span{ey, ..., en}
with quadratic form Q(ej) = £1 of signature (p, q)

— Real Clifford algebra: “freest” associative algebra generated by V/,
subject to a°> = Q(a), Va € V

ClVPI) =span{l, e, eiej(i <j), ..., e1&x...ey} (dim=2")

Clifford (geometric) product: ab=a-b+aAb (a,be V)
a-b= %(ab—k ba) is a scalar (by (a+ b)? = a® + b? + ab + ba)
aAb=3(ab— ba) is a bivector

Matrix representation: ey, ..., e, <> y-matrices

Geometric representation: r-vectors <> r-dim. parallelograms

D. Hestenes and G. Sobczyk, Clifford Algebra to Geometric Calculus, Springer (1987).

Even subalgebra: Cleyen(VP9) = span{1, eiej(i < j), ...} (dim=2""1)
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2D: Rotations and complex numbers

!/

v
Euclidean plane E? = span{er, ex}
[e2=e2=1,e-e=0] p
— Clifford algebra €2
CU(E?) = span{l, e1, &, erer}
€1€2 v

Even subalgebra
Cleven(E?) = span{l, ejer} o

‘Complex numbers’: x + yejer = re®® [ (e1e)? = —1]

Rotation by angle ¢:

Voo vetae — gmfaey clae (1)
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3D: Rotations and real spinors

Euclidean space E3=span{er, e, 3}

e e —dy] L
— Clifford algebra C/(E3) = “ = /
~ |
1 By, B, B . |
span{l, e1, e, e3, B, By, B3, ereres} . B, /w‘v |
[ B; = “fejex +» quaternionic units ] 2 ‘ |
€2 | )
Rotation in B-plane by angle |B|: I l

B ‘
vis UvU™r | U=eB2 (2 e ¢

Rotors U form group Spin(3) (double-cover of SO(3))
Spinors: ) € Cleyen(E3) = span{1, By, By, B3} = span{e B/?| B € Cl,}
Spinorial representation: Uty (cf. UpU™! <= vi...v, = Uvi...v,U?)
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3D: Real spinors and Pauli spinors

Real spinor ) = ag + ;B; = |/pR (rotor with magnitude)
(4 real components <+ 2 complex numbers)

— Pauli spinor

_ (% 7= (¢ (1—iBs))
w=(3)ee o Db ey )

Scalar part (. ), (AB) = (BA) (cf. tr( . ) in matrix representation)

Algebraic operations on ¢ <> Matrix operations on |):
|Bjv) = i6j|)

[YB1) = 62[¢)"

[¥Ba) = i62|¢))"

[¥B3) = il¢) (4)
(Bivectors {B;/2} form a representation of su(2): [B;, Bj] = —2¢yBx)
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3+1D: Lorentz transformations and real spinors

Minkowski spacetime E1 = span{~0, 71,72, 73} » Y Y = N
— CL(E™®) = span{1, vu, Yu Ayws Yuls 1}, 1 =70m7273  (dim 16)
Lorentz transformation (proper, orthochronous):

v UvU , (a...b)=b...a (5)
(Typically: U= e 8/2, where B = 1B", A,)
Spinors: V € Cleyen(EY3) = span{1,7, Ay, I} = span{e~B/2} (dim 8)

(For VP9 define spinors as Cleyen(VP'9) — smallest linear space
containing all rotors.)
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3+1D: Real spinors and Dirac spinors

Real spinor W has 8 real components <+ 4 complex numbers

— Dirac spinor

20 2o = (W(1 — ivam))
N 4 z1 = (113V(1 — in2m))
V) = eC” | . 6
V) 2 72 = (1370V(1 — ivam)) (©)
z3 z3 = (117%V(1 — in27))

Algebraic operations on W <> Matrix operations on |W):
7 Vy0) = AulV)
"YM'YV\W = ﬁ’u;\)/u‘\w

Wyoy1) = i|V) , ... (7)
where 4, are Dirac «-matrices in standard representation:

L -1 i
’70=< 1 )7%2(11 ),3’22(_;_'),3
1 1 i
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Dirac equation - flat spacetime

Matrix Dirac equation (for Dirac spinors) (Dirac 1928):
1O V) — mW) =0 (8)
Real Dirac equation (for real spinors) (Hestenes 1966):
Y(0uV¥) 107271 — mV =0 (9)

Lorentz invariance: x'* = A", x" , where (A"1)” ~4# = Uy U

— Transformation
Y= > V(X)) =UV¥(x) (10)

does not respect that real spinors W are polynomias in -,.
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Dirac equation - curved spacetime

CED VT g e

Manifold M with metric g;,,,
Tetrad field e

®, : tangent space — flat space

Local Lorentz (gauge) transf.:

v =d(e;) = Uy,U , VW = UWU

Real Dirac equation in curved spacetime:
y2eh (D V)21 — mV = 0,
— DV =0,V—-w,V+VA, (11)
Gauge fields w,,, A,, are bivector-valued 1-forms that transform as:

wl, = Uw, U+ (8,U)U , A, = UA,U + (8,U)U
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Dirac equation - matrix form

The operation | ) takes complex components:

iyl |D,V) — mW) =0 (12)
where the covariant derivative translates as
wab ab

1DAW) = 0,1) + “E-3,36W) — ) (13)
[W2y1) = i[W) — A2 = gA, ... elmag. potential
[Wy370) = 95| W) (D. Hestenes, arXiv:0807.0060v1
(Wr170) = — 40| W) — about electroweak theory)

_ *
[V7270) = 72A|WA> ) Here, 45 = i7°914%5%,
[Uy37y2) = —9295| V) . .

o . and * denotes component-wise

(Vm73) = —i%295|V) complex conjugation.
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Further remarks

o Gauge field strength:
[Dy, D))V = -R,,V+VF,, (14)
where
Ry = Opwy — Oywy, — [wy, wy]

-F;w - auAu - 8V-A,u, - [A/u -AV] (15)

e Yang-Mills equations (flat spacetime: e5 =05 , w, = 0):

OpF" — Ay, F*1 =0 (16)

@ For invertible real spinors W (W = \/ﬁe’ﬁ/ZR),
YOV )2V + gy Ay — mUeW ! =0 (17)

allows to express A, in terms of W and 0, V.
(See also C. J. Radford, J. Math. Phys. 37, 4418 (1996), arXiv:hep-th/9510065)
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Summary and discussion

@ Spinors ¢ and W as even elements of real Clifford algebra
(relation with Pauli and Dirac spinors [¢)) and |V))

@ Interpreting / as a spatial bivector (B3 or v271)
@ In principle, “i(x)" can vary throughout spacetime

@ Non-Abelian connection A, acting on the right of W,
(generalizing the electromagnetic potential A,,)

Thank you for your attention.

V. Z., Real spinors and real Dirac equation, arXiv:1908.04590 (2019)
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3D: Relation with Pauli spinors

Hermitian conjugate: (V| = (z;, z{)
— Re(®|W) = (dW) (reversion: a...b=b...a eg. B; = —B))

(P|V) = Re(®|V) — i Re(i(P|V)) = (CT)\U(l —iB3)) (18)

Spin “vector”:

(W6 W) = (Wigj(—i)|W) = —(W[BjWBs) = (WB;WBs)
= (BVBsV) (19)

— Bivector VB3V = pRB;R~1 (Bs rotated by R and stretched by p)

VB3V = (V5|V) B; (20)
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3+1D: Dirac current and other observables

Hermitian conjugate: (V| = (z5,2,25,23) — Re(®|V) = (S~ W)
Dirac conjugate: (V| = (W|3g — Re(®|W) = Re(d|yoWo) = (dV)
= (B¥) = (PW(1 — inom)) (21)
Dirac current:
(W3 V) = (U]7.¥70) = (V7. ¥70) = (7,Y70V) (22)

(Canomcal form ¥ = \/ﬁe’B/QR & Iy, = —v,l
= \U'yo\IJ pryoR is a vector rotated by R and stretched by p)

VoW = (W[5,[W) * (23)
Other observables:
(W4 AIW) = (7 A7) - (W), (B[W) = (W)
(W45 W) =7 (VW) (B]iAs|¥) = (W)
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