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Motivation: strongly interacting QFT
Fokker-Planck equation
Single-fractional Fokker-Planck equation and Lévy stable distributions

Double-fractional Fokker-Planck equation

o Green function representations: smeared-time, Fox-H function
o Path integral
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Generating functional of a QFT:
N / D(x)eh AL ()600} — i {TI01[d*xj()0()}

where ®(x) = (¢(x)), and ['[®] is the effective action.

For ¢*-theory at strong coupling (e.g., Bose-Einstein condensates at
Feshbach resonance), effective action develops anomalous powers.

Extremization of '[®] — fractional Gross-Pitaevskii equation

)+ 1 ;
(017 + D=2+ a0k 1) D(x, 1) = 0

H. Kleinert, EPL 100, 10001 (2012)
H. Kleinert, J. Phys. B 46, 175401 (2013)
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Fokker-Planck equation

Fokker-Planck (or diffusion, or heat) equation:

[at + H} P(x,t)=0 , P(x,0)=d(x)

where
H=Dp> ., p=—id
P(x,t) = e tH5(x) 2
) l — P(z,0.01)
* d >
= P ¢—tDp? g—ipx 1 — P(z,0.1)
0o 2T
<2 o — P(z,1)
e 4Dt N
= ——— ... Gaussian (D=1
4 ) 0 2 4 "

[0+ H] [6(£)P(x, £)] = 5(x)a(¢)
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Single-fractional Fokker-Planck equation

Generalized Hamiltonian:
A = D(p*)M?

Lévy stable distribution:

Pex.) = [ " P et g
oo 2T

A = 2: Gaussian

A = 1. Cauchy-Lorentz

1 Dyt

Pix,t) = =
R Wy

Heavy tails (power-law decay)
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Lévy stable distributions

Stability:

X1 ~Levy , Xo~Llevy = Xi+ Xo~ Levy

Characteristic function:

tan(Ar/2)  A#£1

exp [ipu —|eplM(1 - iﬁsgn(p)¢)} , ¢= {—(2/7r) oglp| A=1

A.. tail power (~ |x|717}), c...width, .. .shift of origin, 3...asymmetry

Generalized central limit theorem:

iidd. Xi,...,X, ~  ‘distribution with possibly infinite variance”

im Lt X Lev
e N, Y
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Double-fractional Fokker-Planck equation

Double-fractional Fokker-Planck equation:
(00777 4 Da(= 22| P(x, £) = 8(x)a(1)
(for v = =1 — wave equation)

Fractional derivative: (9;)}~7eEt = (JE)!~7ett — Integral operator:

(@) 7(0) = 00 [ " dr's(e— () = / t dt'm;f(t')

Relativistic Hamiltonian (E = —idy):

H=(E)Y"+D\(p>)N?* — HP(x,t)=5(x)d(t)

= P(x,t) = 7]5[5(X)5(t) = /0 “ds e~ 5(x)o(t)

(using “Schwinger trick” representation)
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Smeared-time representation of the Green function

o0
P(x,t) :/ ds Px(x,s)Pt(t,s)
0
where

PX(X, 5) —SDA(PZ)A/Zé(X) _ /OO @e_SD)\'pl/\e_ipX
oo 2T
Pr(t,s) = =B 5(t) = /
[PT(t, S)h=o=0d(t—s) = P(x,t) = 0(t)Px(x,t)

. physical time
. pseudotime

dE _s(—iey— it

™

Normalization:

/_oodx P(x,t) = /Ooods Pr(t,s) = f((lt)—t_’:)
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Time-smearing distribution Pt
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Deformed evolution operator

P(x,t) = U,(t)3(x)

where

O,(t) = ()t Ery1—(—t27A) 12 g(t) e tH

and E, p(z) = > 72, F(#lﬁ) is the Mittag-Leffler function
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Fox H function representation of the Green function

-y A (171)7(1_771_7)
P(x,t) = TS <|X| )

- 23
Vx| 0

where ¢; = 2(D>\t1*7)1/)‘, and
21 i dz T(1+2)[(3+52)(=2) [Ix*] ™"
Hys3(...) = —

(1,1),(1/2,XA/2),(1,A/2)

oo 2T T(=32)F (1= + (1-7)2) | &
P(x,1) — =0
— v=0.1
— v=05

(Dx=1)

-4 -2 0 2 4
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Path integral

X(S):Xb,t(s):tb
(xptpS|Xxats0) := / DxDtDpDE els ' [P +E G ) (P E)=V (x.1)]
x(0)=xa,t(0)=ta

(V(x,t)... external potential)
POx.t) = [ ds(x5000) ygug-0
0

For H(p, E) = iE+H(p), [ DEexp [[5ds iE(L — 1)] =15 _00(% —1)
— Traditional phase-space path integral

x(tp)=xp
/ ds (xptps|xat,0) = / DxDp effibdt [ip G —H(P)=V (x.1)]
0

x(ta)=xa
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Thank you for your attention.

H. Kleinert and V. Zatloukal, Green function of the double-fractional
Fokker-Planck equation: Path integral and stochastic differential
equations, Phys. Rev. E 88, 052106 (2013) [arXiv:1503.01667]
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